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STABILITY OF EINSTEIN METRICS ON FIBER BUNDLES
CHANGLIANG WANG AND Y. K. WANG
Abstract. We study the linear stability of Einstein metrics of Riemannian submersion type.
First, we derive a general instability condition for such Einstein metrics and provide some
applications. Then we study instability arising from Riemannian product structures on the
base. As an application, we estimate the coindex of the Einstein metrics constructed in [WZ90]
and [Wan92]. Finally, we investigate more closely the linear stability of Einstein metrics from
circle bundle constructions and obtain a rigidity result for linearly stable Einstein metrics of
this type.
1. Introduction
Einstein metrics appear naturally in some geometric variational problems. For example,
Einstein metrics on a closed manifold Mn are precisely the critical points of the normalized
total scalar curvature functional
(1.1) S˜(g) =
1
(Vol(M, g))
n−2
n
∫
M
sg dvolg,
where sg is the scalar curvature of the Riemannian metric g. At such Einstein metrics, the
second variation formula of the functional S˜ was first derived and studied by M. Berger [Ber70]
and N. Koiso [Koi78], [Koi79]. This formula shows that an Einstein metric is always a saddle
point. Indeed, the second variation of S˜ is non-negative in the direction of conformal changes,
by the theorem of Lichnerowicz-Obata. On the other hand, along variations that are transverse
to diffeomorphisms and conformal changes, i.e., for h ∈ C∞(M,S2(T ∗M)) with trgh = 0 and
δgh = 0, the second variation of S˜ at g is given by
(1.2) −
1
2(Vol(M, g))
n−2
n
∫
M
〈∇∗∇h− 2R˚h, h〉 dvolg,
where δgh is the divergence of h, and (R˚h)ij := Rikjlh
kl. Then by basic facts about the spectrum
of elliptic operators on compact manifolds, there always exists an infinite-dimensional subspace
of the transverse traceless symmetric 2-tensors (in short, the TT-tensors) on which the second
variation of S˜ is negative definite. However, there may also exist TT-tensors along which the
second variation is positive. The dimension of a maximal subspace of such TT-tensors is called
the coindex of g and this number is finite by elliptic theory. This leads to the linear stability
problem for Einstein metrics.
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A closed Einstein manifold (Mn, g) is called linearly stable if 〈∇∗∇h − 2R˚h, h〉L2(M) ≥ 0
for all TT-tensors h and linearly unstable if otherwise. For Einstein metrics on noncompact
manifolds linear stability has also been considered by restricting one’s attention to compactly
supported divergence-free symmetric 2-tensors in the second variation formula. In this paper
we shall refer to linear stability (resp. linear instability) simply as stability (resp. instability).
Einstein metrics with non-positive scalar curvature tend more often to be stable. Examples
include Einstein metrics with negative sectional curvature [Koi78] and compact Ka¨hler Einstein
metrics with non-positive scalar curvature [DWW07]. Complete Riemannian manifolds with
imaginary Killing spinors, which must be non-compact and have negative Einstein constant,
are also stable, see [Kro17] and [Wan17]. In the Ricci-flat case, a closed Riemannian manifold
with a non-trivial parallel spinor is stable [DWW05]. By contrast, there are very few examples
of stable Einstein manifolds with positive scalar curvature. All known examples are in fact
irreducible symmetric spaces of compact type, but there is also an infinite subfamily of these
which are unstable, see [Koi80] and [CH15].
Recall that for TT-tensors at an Einstein metric with Einstein constant E, the operator
∇∗∇−2R˚ coincides with −(∆L+2E I) where ∆L is the analyst’s Lichnerowicz Laplacian. Hence
the definition of linear stability we use here allows for the vanishing of∇∗∇h−2R˚h (infinitesimal
Einstein deformations) and does not imply that the functional S˜ is locally maximized when
restricted to TT-variations. On the other hand, linear instability along a nonzero TT-tensor
gives a non-trivial variation along which S˜ has a local minimum. When E > 0, Theorem
1.3 in [Kro15] then implies that such an Einstein metric is dynamically unstable. Therefore, all
linearly unstable Einstein metrics discussed in this paper are dynamically unstable, for example
Einstein metrics investigated in Corollaries 1.3 and 1.4. For more information about dynamical
instability under the Ricci flow, see in addition [Ye93], [Ses06], [Has12], and [HM14].
Einstein metrics can also be characterized through variation problems for other interesting
functionals, e.g., Perelman’s λ- and ν-functionals [Per02], and the ν+-functional introduced in
[FIN05]. Interestingly, the second variation formulas of these functionals lead to the same sta-
bility condition at Einstein metrics along TT-tensor directions, but lead to a different stability
condition along conformal change directions, see [Zhu11], [CZ12], and [CH15]. Since we work
with TT-tensors in this paper, our results (described below) can also be interpreted in terms
of these other functionals.
In this paper, we shall investigate the instability of Einstein metrics with positive Einstein
constant on the total spaces of Riemannian submersions with totally geodesic fibers. Einstein
metrics of this type including their moduli and stability are interesting not only in geometry
but also for supergravity theories in physics. For basic facts about Riemannian submersions,
see [ONe66] and [Bes87]. Our setup is as follows. Let π : (Mn+r, g)→ (Bn, gˇ) be a Riemannian
submersion with totally geodesic fibers, i.e., O’Neill’s T -tensor vanishes. The Einstein condi-
tions for the metric g are given in 9.61 of [Bes87]. They imply that the scalar curvature sˆ of
the induced metric gˆ on fibers and the norm ‖A‖ of O’Neill’s A-tensor are constant on M , and
the scalar curvature sˇ of gˇ is constant on B.
When g is Einstein and π is a trivial Riemannian submersion, i.e., (Mn+r, g) = (F r, gˆ) ×
(Bn, gˇ), it is well-known that g is unstable with the canonical destabilizing direction 1
r
gˆ − 1
n
gˇ.
3This motivates us to examine the stability condition along the direction 1
r
g − n+r
nr
π∗gˇ in the
general case. From the Einstein conditions for g, one sees that this is a TT-tensor on M and
we obtain the following instability condition.
Theorem 1.1.〈
(∇∗∇− 2R˚)
(
g −
n+ r
n
π∗gˇ
)
,
(
g −
n + r
n
π∗gˇ
)〉
L2(M)
= Vol(M, g)
2(n+ r)
n2
(rsˇ− 2nsˆ).
In particular, if rsˇ < 2nsˆ, the Einstein metric g is unstable.
The proof of the above theorem together with some applications are given in §2.
We like to mention that the instability of Einstein metrics on compact warped product
manifolds has been studied in [BHM17]. This is a “dual” situation as these warped product
manifolds are actually the total spaces of Riemannian submersions with vanishing A-tensor.
Moreover, the stability of Einstein metrics on some interesting noncompact warped product
manifolds with R as the base has been studied in [Kro17] and [Kro18].
Next, we consider the case when the base manifold (Bn, gˇ) is a Riemannian product (Bn11 , gˇ1)×
· · · × (Bnmm , gˇm). Let ‖A
(p)‖ be the norm of the restriction of the A-tensor to the part of the
horizontal distribution lifted from the p-th base factor. We then examine the stability of the
Einstein metric g along certain TT-tensors lifted from the base.
Theorem 1.2. For any 1 ≤ p 6= q ≤ m, we have〈
(∇∗∇− 2R˚)π∗
(
1
np
gˇp −
1
nq
gˇq
)
, π∗
(
1
np
gˇp −
1
nq
gˇq
)〉
=
−
2
n2p
sgˇp −
2
n2q
sgˇq +
8
n2p
‖A(p)‖2 +
8
n2q
‖A(q)‖2.
We can apply Theorem 1.2 to deduce the instability of Einstein metrics on fiber bundles
constructed in [WZ90] and [Wan92].
Corollary 1.3. (cf [Wan16], Chapter 4) The Einstein metrics on the T r bundles over products
of m Fano Ka¨hler Einstein manifolds constructed in [WZ90] have coindex at least m− r, i.e.,
there is an (m− r)-dimensional subspace of TT-tensors on which 〈∇∗∇h− R˚h, h〉L2(M) < 0.
In particular, in the circle bundle case, i.e., r = 1, Corollary 1.3 sharpens the corresponding
result in [Boh05], which gives a lower estimate for the sum of the nullity and coindex at the
Einstein metrics. Corollary 6 in [WZ90] shows that if the topology of the circle bundle is
sufficiently complicated, any non-trivial Einstein deformation of a base Ka¨hler Einstein factor
gives rise to a non-trivial Einstein deformation of the Einstein metric g on the circle bundle.
It produces a TT -tensor in the null space of the operator ∇∗∇ − 2R˚. Thus some of the
Einstein metrics on circle bundles constructed in [WZ90] have nullity already greater than
(m− 1). Our analysis of their instability here uses only the Riemannian submersion structure
and Einstein equations, and avoids comparison with the homogeneous subcases and appealing
to the variational theory for homogeneous Einstein metrics developed in [BWZ04] and [Boh04].
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Our approach also yields, without appealing to the fundamental conjecture about positive
quaternionic Ka¨hler manifolds, the following
Corollary 1.4. The Einstein metrics constructed in [Wan92] on the fiber bundles (with fiber
(SO(3)×· · ·×SO(3))/∆SO(3) ) over a product of m quaternionic Ka¨hler manifolds of positive
scalar curvature have coindex at least m− 1.
The proofs of the above results are given in §3, together with some remarks regarding their
relevance to constructing ancient solutions of the Ricci flow.
In the final section of this paper we study further the case of Riemannian submersion type
Einstein metrics on the total spaces of circle bundles. A particularly interesting and important
special case is that of regular Sasaki-Einstein metrics, which exist on certain special circle bun-
dles over Ka¨hler Einstein manifolds. By combining Corollary 6.1 of [Wan17] and an observation
after Example 2.3 in [CHI04], we show that if the second Betti number b2 of the Ka¨hler Einstein
base is strictly greater than 1 then the regular Sasaki-Einstein manifold is unstable. This in
particular includes the instability result in Corollary 6.2 of [Wan17]. Thus for the stability of
regular Sasaki-Einstein manifolds, we are reduced to those spaces with Fano Ka¨hler Einstein
bases with b2 = 1. In a separate article we shall prove the instability of regular Sasaki-Einstein
manifolds over certain irreducible hermitian symmetric spaces and for the Aloff-Wallach spaces.
With regard to the circle bundles in Corollary 1.3 (and also the torus bundles in Corollary
1.3), while the base manifolds are the product of Fano Ka¨hler Einstein manifolds, the submersed
metrics on them are in most cases not Einstein. Indeed, by Theorem 9.76 in [Bes87], if the
base manifold is Einstein in an Einstein principal circle bundle with positive scalar curvature,
the base metric has a compatible almost Ka¨hler structure. By the resolution of the Goldberg
conjecture [Sek87], the base metric is then actually Ka¨hler Einstein.
It is therefore natural to consider Einstein circle bundles with non-Einstein bases. More
precisely, let π : (Mn+1, g) → (Bn, gˇ) be a principal circle bundle with principal connection
θ such that g(X, Y ) = (π∗gˇ)(X, Y ) + θ(X) θ(Y ) for any pair of vector fields X, Y on M . Let
Ω = dθ be the curvature form of the connection θ. Then there exists a closed 2-form ω on B
such that Ω = π∗ω. Now consider hˇ ∈ C∞(B, S2(T ∗B)) defined by
(1.3) hˇ(Xˇ, Yˇ ) =
n∑
i=1
ω(Xˇ, Xˇi)ω(Yˇ , Xˇi),
where {Xˇ1, · · · , Xˇn} is a local orthonormal basis on B.
Theorem 1.5. In the above situation, if (Mn+1, g) is Einstein but (Bn, gˇ) is not Einstein, then
hˇ − ‖ω‖
2
n
gˇ is a TT -tensor on B whose pull-back is a TT-tensor on M . Moreover, we have the
formula 〈
(∇∗∇− 2R˚)π∗
(
hˇ−
‖ω‖2
n
gˇ
)
, π∗
(
hˇ−
‖ω‖2
n
gˇ
)〉
= {2〈δ∇ˇd∇ˇhˇ, hˇ〉 − 〈∇ˇ∗∇ˇhˇ, hˇ〉+ trgˇ(hˇ ◦ hˇ ◦ hˇ)−
1
2
‖ω‖2‖hˇ‖2 −
2
n
‖ω‖2‖hˇ‖2
5+
1
2n
‖ω‖6 +
1
n2
‖ω‖6} ◦ π
where d∇ˇ denotes the exterior differential operator acting on differential forms on B with values
in the cotangent bundle T ∗B (equipped with the Levi-Civita connection ∇ˇ of gˇ ), and δ∇ˇ denotes
its formal adjoint operator.
Recall that a Riemannian metric has harmonic curvature if its Levi-Civita connection is
a Yang-Mills connection for the associated orthogonal frame bundle of the tangent bundle.
Equivalently, a metric gˇ, e.g., the metric on the base in a Riemannian submersion, has harmonic
curvature if and only if its Ricci tensor Ricgˇ is a Codazzi tensor, i.e., d
∇ˇRicgˇ = 0. In our
situation, the Einstein condition on the base implies that harmonic curvature for gˇ is equivalent
to h being a Codazzi tensor, i.e., d∇ˇhˇ = 0. A special case of this condition occurs when ω is
parallel, so that hˇ and therefore Ricgˇ are parallel. Then gˇ would be a local product of Einstein
metrics as in the previous corollaries. However, the class of manifolds with harmonic curvature
is strictly larger than the class of local products of Einstein manifolds, see Chapter 16 of [Bes87]
For this class we obtain the following instability result.
Corollary 1.6. If the base metric gˇ has harmonic curvature but is not Einstein, then the
Einstein metric g on the circle bundle is unstable.
In §4, by sharpening the analysis for the case where gˇ is Einstein, we obtain the following
rigidity statement:
Corollary 1.7. If the Einstein metric g on the circle bundle is stable and gˇ has harmonic
curvature, then the base (B, gˇ) must be a Fano Ka¨hler Einstein manifold with b2 = 1.
2. Bundle analog of product type instability
In this section, we will prove Theorem 1.1 and give some applications.
Let π : (Mn+r, g) → (Bn, gˇ) be a Riemannian submersion with totally geodesic fibers
and gˆb denote the induced metric on the fiber Fb = π
−1(b) for b ∈ B. In the following, let
{X1, · · · , Xn, V1, · · · , Vr} be a local orthonormal basis in the neighborhood of a fixed but arbi-
trary point in M , where X1, · · · , Xn are basic vector fields, namely horizontal and projectable
vector fields, and V1, · · · , Vr are vertical vector fields. Our convention for norms is to take the
full tensor norm, even for totally antisymmetric or symmetric tensors. We will also use the
setup and notation in [Bes87].
Recall from Proposition 9.61 in [Bes87] that g is an Einstein metric with Einstein constant
E iff
(2.1) δˇA = 0,
(2.2) Ricgˆ(U, V ) + (AU,AV ) = Eg(U, V ), for vertical vector fields U and V,
(2.3) (π∗Ricgˇ)(X, Y )− 2(AX , AY ) = Eg(X, Y ) for horizontal vector fields X and Y,
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where A is the O’Neill’s A-tensor for Riemannian submersions, (AU,AV ) :=
n∑
i=1
g(AXiU,AXiV )
and (AX , AY ) :=
n∑
i=1
g(AXXi, AYXi).
If we denote the Einstein constant of g by E, the above equations immediately imply that
the scalar curvature sˆ of gˆ and the norm ‖A‖ of the A-tensor are constant on M , and that the
scalar curvature sˇ of gˇ is constant on B. Moreover,
(2.4) sˆ+ ‖A‖2 = Er,
and
(2.5) sˇ− 2‖A‖2 = En,
where ‖A‖2 =
n∑
i=1
(AXi, AXi) =
r∑
j=1
(AVj , AVj).
Lemma 2.1. h = 1
r
g − n+r
nr
π∗gˇ is a TT-tensor on M .
Proof. Clearly, trgh = 0 and δgg = 0. So it suffices to check that δg(π
∗gˇ) = 0. We show this for
horizontal and vertical vector fields separately.
First, for a basic vector field X
δg(π
∗gˇ)(X)
= −
n∑
i=1
(∇Xiπ
∗gˇ)(Xi, X)−
r∑
j=1
(∇Vjπ
∗gˇ)(Vj , X)
= −
n∑
i=1
[Xi(gˇ(π∗Xi, π∗X) ◦ π)− gˇ(π∗(∇XiXi), π∗X) ◦ π − gˇ(π∗Xi, π∗(∇XiX)) ◦ π]
−
r∑
j=1
[Vj(gˇ(π∗Vj, π∗X) ◦ π)− gˇ(π∗(∇VjVj), π∗X) ◦ π − gˇ(π∗Vj , π∗(∇VjX)) ◦ π]
= −
n∑
i=1
[(π∗Xi)(gˇ(π∗Xi, π∗X))− gˇ(∇
gˇ
π∗Xi
π∗Xi, πX)− gˇ(π∗Xi,∇
gˇ
π∗Xi
π∗X)] ◦ π
= (δgˇgˇ)(π∗X) ◦ π = 0.
Note that in the above we have used the assumption that the T -tensor vanishes, which implies
π∗(∇VjVj) = 0.
Next, for a vertical vector field V we have
δg(π
∗gˇ)(V ) = −
n∑
i=1
(∇Xiπ
∗gˇ)(Xi, V )−
r∑
j=1
(∇Vjπ
∗gˇ)(Vj, V )
= −
n∑
i=1
[Xi((π
∗gˇ)(Xi, V ))− (π∗gˇ)(∇XiXi, V )− (π
∗gˇ)(Xi,∇XiV )]
7−
r∑
j=1
[Vj((π
∗gˇ)(Vj, V ))− (π∗gˇ)(∇VjVj, V )− (π
∗gˇ)(Vj,∇VjV )]
=
n∑
i=1
g(Xi,∇XiV )
= −
n∑
i=1
g(AXiXi, V ) = 0
since AXY =
1
2
V [X, Y ] for any horizontal vector fields X and Y , where V denotes projection
onto the vertical subspace. 
Lemma 2.2.
(2.6) 〈∇(π∗gˇ),∇(π∗gˇ)〉 = 2‖A‖2.
Proof.
〈∇π∗gˇ,∇π∗gˇ〉
=
n∑
i,k,l=1
[(∇Xiπ
∗gˇ)(Xk, Xl)]2 + 2
n∑
i,k=1
r∑
l=1
[(∇Xiπ
∗gˇ)(Xk, Vl)]2 +
n∑
i=1
r∑
k,l=1
[(∇Xiπ
∗gˇ)(Vk, Vl)]2
+
r∑
i=1
n∑
k,l=1
[(∇Viπ
∗gˇ)(Xk, Xl)]2 + 2
r∑
i,l=1
n∑
k=1
[(∇Viπ
∗gˇ)(Xk, Vl)]2 +
r∑
i,k,l=1
[(∇Viπ
∗gˇ)(Vk, Vl)]2
= 2
n∑
i,k=1
r∑
l=1
[−π∗gˇ(Xk,∇XiVl)]
2 +
r∑
i=1
n∑
k,l=1
[Vi(π
∗gˇ(Xk, Xl))− π∗gˇ(∇ViXk, Xl)− π
∗gˇ(Xk,∇ViXl)]
2
= 2
n∑
i,k=1
r∑
l=1
[−g(Xk,∇XiVl)]
2 +
r∑
i=1
n∑
k,l=1
[−g(∇ViXk, Xl)− g(Xk,∇ViXl)]
2
= 2
n∑
i,k=1
r∑
l=1
[g(∇XiXk, Vl)]
2 +
r∑
i=1
n∑
k,l=1
[−Vj(g(Xk, Xl))]
2
= 2
n∑
i,k=1
r∑
l=1
[g(AXiXk, Vl)]
2
= 2
n∑
i,k=1
g(AXiXk, AXiXk) = 2‖A‖
2

Next, we recall that, with the curvature convention RX,Y = ∇[X,Y ]− [∇X ,∇Y ], the action of
curvature on symmetric 2-tensors is given by R˚(h)ij := Rikjlhkl. Then by (9.28 f) in [Bes87],
we easily deduce
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Lemma 2.3.
(2.7) 〈R˚π∗gˇ, π∗gˇ〉 = sˇ− 3‖A‖2.
We may now proceed with the
Proof of Theorem 1.1:
∫
M
〈(
∇∗∇− 2R˚
)(
g −
n + r
n
π∗gˇ
)
,
(
g −
n+ r
n
π∗gˇ
)〉
dvolg
=
∫
M
[
−2s + 4(n+ r)E +
(
n+ r
n
)2
〈∇π∗gˇ,∇π∗gˇ〉 − 2
(
n + r
n
)2
〈R˚π∗gˇ, π∗gˇ〉
]
dvolg.
Substituting the identities in Lemmas 2.2 and 2.3 into the above, we obtain∫
M
[
−2s+ 4(n+ r)E +
(
n + r
n
)2
2‖A‖2 − 2
(
n + r
n
)2
(sˇ− 3‖A‖2)
]
dvolg.
If we simplify the integrand using equations (2.4) and (2.5), then we obtain upon integration
Vol(M, g)
(
2(n+ r)
n2
)
(rsˇ− 2nsˆ)
as claimed.
Remark 2.4. In the situation of Theorem 1.1, if the fiber and base metrics are in addition
Einstein with positive Einstein constants Eˆ and Eˇ respectively, then
rsˇ− 2nsˆ = rn(Eˇ − 2Eˆ).
So instability of the Einstein metric g is implied by Eˇ < 2Eˆ. Note that we are in particular
in the situation of the canonical variation discussed on pp. 253-255 of [Bes87]. There the
auxiliary function ϕ is just the restriction of the functional S˜ to the metrics lying in the
canonical variation, divided by the volume of g, which is a constant. The first graph of ϕ on
p. 254 shows that one of the Einstein metrics is always unstable in the sense of not being a
local maximum of the normalized scalar curvature functional along TT-tensor directions. Thus
Theorem 1.1 may be thought of as a generalization of this study to the more general situation in
which the fibers and base are not necessarily Einstein. It also exhibits an explicit destabilizing
TT-tensor.
We next give an example to show how Theorem 1.1 can be applied.
Example 2.5. We consider the normal homogeneous metric g on M = Sp(mq)/(Sp(q)× · · ·×
Sp(q)) (where there are m factors in the denominator) induced by the negative of the Killing
form of Sp(mq). We shall assume that q ≥ 1 and m ≥ 3. It is known that g is Einstein
([WZ85], Table IA). Choose an integer k such that 1 < k < m. Then we can fiber M over
Bk = Sp(mq)/(Sp(kq)×Sp(q)×· · ·×Sp(q)) with fiber Fk = Sp(kq)/(Sp(q)×· · ·×Sp(q)). This
9is a Riemannian submersion with totally geodesic fibers if we equip the fiber and base also by
the normal metrics gˆ and gˇ induced by the negative of the Killing form of Sp(mq). Notice that
gˆ is Einstein but gˇ is not Einstein unless k = m− 1, when the base is a symmetric space. Each
of the above Riemannian submersions gives rise to a TT-tensor by Lemma 2.1. To compute
the quantity rsˇ− 2nsˆ we will use the results in sections 1.2, 2.1 and 2.2 of [WZ85].
The dimension r of the fiber is 2k(k− 1)q2 and the dimension n of the base is 2(m− k)(m+
k − 1)q2. The fiber is Einstein because the Killing form of Sp(mq) restricts to mq+1
kq+1
times the
Killing form of Sp(kq) and the irreducible summands in the isotropy representation of the fiber
are all equivalent under outer automorphisms of Sp(kq) (see Corollary 1.14 in [WZ85]). The
Casimir constants of the irreducible summands with respect to the Killing form of Sp(kq) are
2q+1
2(kq+1)
. Hence by (1.7) and (1.10) in [WZ85] the Einstein constant of the metric gˆ of the fiber
is given by
λˆ =
1
4
(
1 +
2q + 1
kq + 1
)(
kq + 1
mq + 1
)
,
and the scalar curvature sˆ = k(k−1)q
2
2(mq+1)
(qk + 2q + 2).
The irreducible summands of the isotropy representation of the base consist of m − k sum-
mands of the form νkq⊗ · · · ⊗ νq ⊗ · · · (where νℓ denotes the 2ℓ-dimensional symplectic repre-
sentation of Sp(ℓ) on C2ℓ and · · · denotes trivial representations of the corresponding factors)
and 1
2
(m−k)(m−k−1) summands of the form · · ·⊗νq⊗· · ·⊗νq⊗· · · . The respective Casimir
constants with respect to the Killing form of Sp(mq) are
(k + 1)q + 1
2(mq + 1)
and
2q + 1
2(mq + 1)
.
So the corresponding eigenvalues of the Ricci tensor of gˇ are
1
4
(
1 +
kq + q + 1
mq + 1
)
and
1
4
(
1 +
2q + 1
mq + 1
)
.
We obtain
sˇ =
q2(m− k)
mq + 1
(
(m+ k + 1)kq + 2k +
m− k − 1
2
(mq + 2q + 2)
)
.
Therefore, the quantity
rsˇ− 2nsˆ = 2k(k−1)(m−k)q
4
mq+1
·[
(m+ k + 1)kq + 2k + m−k−1
2
(mq + 2q + 2)− (m+ k − 1)(kq + 2q + 2)
]
.
The factor in square brackets in the above simplifies to
1
2
(qm(m− k − 3)− 2q(k − 1)− 2m− 2(k − 1)) .
If this quantity is negative, then the TT-tensor determined by the Riemannian submersion
gives an unstable variation of g for the functional S˜. This is the case in particular if m−3 ≤ k.
However, when k = m− 4, then rsˇ− 2nsˆ is negative iff we further have 10(q+1)
q+4
< m.
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Analogous results hold for the normal homogeneous Einstein spaces SU(mq)/S(U(q)× · · ·×
U(q)), q ≥ 2, m ≥ 3 and SO(mq)/(SO(q) × · · · × SO(q)), q ≥ 4, m ≥ 3. More precisely, for
k ≥ 2, the projections onto SU(mq)/S(U(kq) × U(q) × · · · × U(q)) with m − 3 ≤ k and onto
SO(mq)/(SO(kq)× SO(q)× · · · × SO(q)) with m− 2 ≤ k give rise to destablizing TT-tensors.
3. Instability from product structure on the base
In this section, we will prove Theorem 1.2 and its corollaries.
Let π : (Mn+r, g)→ (Bn, gˇ) be a Riemannian submersion with totally geodesic fibers where
g is Einstein and the base splits as a Riemannian product
(Bn, gˇ) = (Bn11 , gˇ1)× · · · × (B
nm
m , gˇm).
For each 1 ≤ p ≤ m, let {Xˇ
(p)
1 , · · · , Xˇ
(p)
np } be a local orthonormal basis on (B
np
p , gˇp) and
{X
(p)
1 , · · · , X
(p)
np } its horizontal lift to M . Together with vertical vector fields V1, · · · , Vr,
{X
(1)
1 , · · · , X
(1)
n1 , · · · , X
(m)
1 , · · · , X
(m)
nm , V1, · · · , Vr} becomes a local orthonormal basis on (M
n+r, g).
Analogous computations as those in Lemmas 2.1, 2.2, and 2.3 lead to the following:
Lemma 3.1. For any 1 ≤ p, q ≤ m, π∗
(
1
np
gˇp −
1
nq
gˇq
)
is a TT-tensor on (M, g).
Lemma 3.2. For any 1 ≤ p 6= q ≤ m,
(3.1) 〈∇π∗gˇp,∇π
∗gˇp〉 = 2‖A
(p)‖2,
(3.2) 〈∇π∗gˇp,∇π∗gˇq〉 = 0,
(3.3) 〈R˚(π∗gˇp), π∗gˇq〉 = 0, 〈R˚(π∗gˇp), π∗gˇp〉 = sgˇp − 3‖A
(p)‖2,
(3.4)
〈
R˚π∗
(
1
np
gˇp −
1
nq
gˇq
)
,
(
1
np
gˇp −
1
nq
gˇq
)〉
=
sgˇp
n2p
+
sgˇq
n2q
−
3
n2p
‖A(p)‖2 −
3
n2q
‖A(q)‖2,
where ‖A(p)‖2 :=
∑np
i,j=1 g(AX(p)i
X
(p)
j , AX(p)i
X
(p)
j ).
The Riemannian product structure enters in the computations through the vanishing of
covariant derivatives and brackets (including the A-tensor) involving vectors Xˇ
(p)
i and Xˇ
(q)
j
with p 6= q. The above lemmas in turn imply Theorem 1.2 in a straightforward manner.
Now we apply Theorem 1.2 to some examples.
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3.1. Proof of Corollary 1.3. In this case let (Bnii , gi), i = 1, · · · , m, be Ka¨hler Einstein
manifolds with c1(Bi) > 0 and real dimension ni. Then one can write c1(Bi) = qiαi with αi an
indivisible integral cohomology class and qi > 0. As in [WZ90] we normalize gi such that the de
Rham class [ωi] = 2παi, where ωi is the Ka¨hler form of gi. This is equivalent to the condition
Ricgi = qigi.
Consider a principal torus T r bundle π : M → B = B1 × · · · × Bm that is classified by r
integral cohomology classes
χβ =
m∑
i=1
bβiπ
∗
i αi, 1 ≤ β ≤ r,
where πi : B → Bi is the projection onto the i-th factor. (Note that this presumes a fixed
splitting of the torus as a product of circles.) We will essentially use the notation in section 1 of
[WZ90] except that we will use the full tensor norm for 2-forms, as we have already indicated
before, and use (gˆαβ) to denote the metric on the torus fibers. In particular the r ×m matrix
(bαi) has full rank with r ≤ m. If r = m ≥ 2, the Einstein metric constructed on M is actually
a product Einstein metric, which is unstable. Also, if the k-th column of (bαi) is zero, then M
is a Riemannian product of a torus bundle over the product of the remaining base factors and
the k-th Ka¨hler Einstein factor, and hence is again unstable. We shall therefore assume that
all columns in (bαi) are nonzero.
It will be convenient to denote the j-th column of (bαi) by Cj and the inner products between
the columns with respect to the fiber metric by Cjk, i.e.,
Cjk :=
∑
α,β
bαj gˆαβbβk.
Notice that Cjj are positive as Cj are nonzero vectors by assumption. Then by possibly per-
muting the Ka¨hler Einstein factors we may further assume that
(3.5)
n1
x21
C11 ≤ · · · ≤
nm
x2m
Cmm.
Let gˇi = xigi with xi > 0, so that its scalar curvature sgˇi =
niqi
xi
. Recall that the Rie-
mannian submersion structure of the Einstein metric g is given by a product metric gˇ =
gˇ1 ⊕ · · · ⊕ gˇm on the base, and an R
r-valued connection θ with gˇ-harmonic curvature form
Ω =
∑r
α=1
∑m
i=1 bαiπ
∗
i ωieα. The harmonicity condition is independent of the choices xi. It
then follows from the relation θ(AXY ) = −
1
2
Ω(X, Y ) that
1
4
ni
x2i
Cii =
ni−1+ni∑
j,k=ni−1+1
g(AXjXk, AXjXk) = ‖A
(i)‖2.
Let hi := π
∗( gˇi
ni
− gˇi+1
ni+1
), i = 1, · · · , m − r. These 2-tensors are linearly independent, and
they span an (m − r)-dimensional subspace of the TT-tensors by Lemma 3.1. Consider h =
µ1h1 + · · · + µm−rhm−r where µi ∈ R. Writing h in the form
∑m−r+1
i=1 (µi − µi−1)π
∗
(
gˇi
ni
)
with
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µ0 = µm−r+1 = 0, and applying Lemma 3.2 and equations (1.11)-(1.12) of [WZ90], we obtain
〈∇h,∇h〉 − 2〈R˚h, h〉 = −
m−r+1∑
i=1
(µi − µi−1)
2 2qi
nixi
+
m−r+1∑
i=1
(µi − µi−1)
2 2Cii
nix2i
= −
m−r+1∑
i=1
(µi − µi−1)2
2
ni
(
E +
Cii
2x2i
)
+
m−r+1∑
i=1
(µi − µi−1)2
2Cii
nix
2
i
= −
m−r+1∑
i=1
(µi − µi−1)2
2
ni
E +
m−r+1∑
i=1
(µi − µi−1)2
Cii
nix
2
i
= −
m−r+1∑
i=1
(
(µi − µi−1)2
2
ni
1
4r
m∑
j=1
Cjjnj
x2j
)
+
m−r+1∑
i=1
(µi − µi−1)2
Cii
nix
2
i
.
For
∑m
j=1
Cjjnj
x2j
in the i-th term in the first sum above, by applying (3.5) we have
m∑
j=1
Cjjnj
x2j
≥
m∑
j=i
Cjjnj
x2j
≥ (m− i+ 1)
Ciini
x2i
.
By substituting this into the first sum above, we obtain
〈∇h,∇h〉 − 2〈R˚h, h〉 ≤ −
m−r+1∑
i=1
(µi − µi−1)2
m− i+ 1
2r
Cii
x2i
+
m−r+1∑
i=1
(µi − µi−1)2
Cii
nix
2
i
= −
m−r∑
i=1
(µi − µi−1)
2 1
2r
Cii
x2i
−
m−r∑
i=1
(µi − µi−1)
2 m− i
2r
Cii
x2i
−µ2m−r
1
2
C(m−r+1)(m−r+1)
x2m−r+1
+
m−r+1∑
i=1
(µi − µi−1)
2 Cii
nix2i
= −µ21
1
2r
C11
x21
−
m−r∑
i=2
(µi − µi−1)2
1
2r
Cii
x2i
−
m−r∑
i=1
(µi − µi−1)2
(
m− i
2r
−
1
ni
)
Cii
x2i
−µ2m−r
(
1
2
−
1
nm−r+1
)
C(m−r+1)(m−r+1)
x2m−r+1
≤ −µ21
1
2r
C11
x21
−
m−r∑
i=2
(µi − µi−1)2
1
2r
Cii
x2i
,
since ni ≥ 2 and µ0 = µm−r+1 = 0. This is negative unless all the µi vanish, since all the Cii > 0.
This completes the proof of Corollary 1.3. ✷
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3.2. Proof of Corollary 1.4. For this case we basically follow the notation in [Wan92]. Recall
that the base factors (Bnii , gi) are quaternionic Ka¨hler manifolds with positive scalar curvature
and Ricgi = Eigi. We will let ni = 4Ni, a compromise between our notation and that in
[Wan92]. The metric on the base is given by gˇ = x1g1⊕· · ·⊕xmgm where xi > 0 and gˇi = xigi.
The connection defining the Riemannian submersion structure comes from projection of the
product of the so(3)-valued Yang-Mills connections on the canonical SO(3)-bundle over Bi.
The metric on the fibers (SO(3)× · · ·× SO(3))/∆SO(3) is the normal metric induced from the
biinvariant metric λ1Bso(3) ⊕ · · · ⊕ λmBso(3), where Bso(3) denotes the negative of the Killing
form of so(3).
Using the formulas on pp. 310-311 of [Wan92], one easily derives
‖A(i)‖2 =
4Ni∑
j,k=1
g(AXjXk, AXjXk) =
3
2
4NiE
2
i
(Ni + 2)2x
2
i
λi
(
1−
λi
λ
)
where {X1, · · · , X4Ni} is a gˇi-orthonormal basis of basic vector fields associated to factor Bi in
the base and λ = λ1 + · · ·+ λm.
We choose two different indices and consider the TT-tensor h := π∗( gˇi
4Ni
−
gˇj
4Nj
). Without loss
of generality, we may let i = 1 and j = 2. After applying Lemma 3.2 and some simplication we
get
〈∇h,∇h〉 − 2〈R˚h, h〉 = −
1
2N1
E1
x1
−
1
2N2
E2
x2
+
3
N1
E21
x21(N1 + 2)
2
λ1
(
1−
λ1
λ
)
+
3
N2
E22
x22(N2 + 2)
2
λ2
(
1−
λ2
λ
)
.
Substituting equation (2.1) from [Wan92] into the first two terms of the above and simplifying,
we obtain
−
E
2N1
−
E
2N2
+
3
2N1
E21
(N1 + 2)2
λ1
x21
(
1−
λ1
λ
)
+
3
2N2
E22
(N2 + 2)2
λ2
x22
(
1−
λ2
λ
)
.
We shall now assume that m ≥ 3 and substitute equation (2.5) of [Wan92] for E in the above.
This yields
−
1
2N1
(
1
4λ1
+
1
2λ
)
−
1
2N2
(
1
4λ2
+
1
2λ
)
−
E21
(N1 + 2)2
λ1
x21
−
E22
(N2 + 2)2
λ2
x22
+
3
2N1
E21
(N1 + 2)2
λ1
x21
(
1−
λ1
λ
)
+
3
2N2
E22
(N2 + 2)2
λ2
x22
(
1−
λ2
λ
)
= −
1
2N1
(
1
4λ1
+
1
2λ
)
−
1
2N2
(
1
4λ2
+
1
2λ
)
−
1
4N1
E21
(N1 + 2)2
λ1
x21
(
4N1 − 6(1−
λ1
λ
)
)
−
1
4N2
E22
(N2 + 2)2
λ2
x22
(
4N2 − 6(1−
λ2
λ
)
)
.
The first two terms in the above are negative, while the last two terms are non-positive since
Ni ≥ 2 for quaternionic Ka¨hler manifolds. Hence the Einstein metric g is unstable.
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When m = 2, one may use equations (2.3) in [Wan92] in an analogous argument to show
instability.
To verify the claim about the coindex, we proceed exactly as in the proof of Corollary 1.3. We
consider h =
∑m−1
1 µi
(
π∗gˇi
4Ni
− π
∗gˇi+1
4Ni+1
)
and repeat the above computations. One then obtains
‖∇h‖2−2〈R˚h, h〉 = −
µ21
2N21
(
1
4λ1
−
1
2λ
)
−
m−1∑
i=2
(µi − µi−1)2
2N2i
(
1
4λi
−
1
2λ
)
−
µ2m−1
2N2m
(
1
4λm
−
1
2λ
)
−
µ21
2N1
E21
(N1 + 2)2
λ1
x21
(
2N1 − 3(1−
λ1
λ
)
−
m−1∑
i=2
(µi − µi−1)2
2Ni
E2i
(Ni + 2)2
λi
x2i
(
2Ni − 3(1−
λi
λ
)
−
µ2m−1
2Nm
E2m
(Nm + 2)2
λm
x2m
(
2Nm − 3(1−
λm
λ
)
.
Since Ni ≥ 2 the last three terms are non-positive. The remainder of the above expression is
strictly negative unless all the µi vanish. ✷
Remark 3.3. By definition, quaternionic Ka¨hler manifolds have dimension at least 8. How-
ever, self-dual Einstein 4-manifolds with nonzero scalar curvature may be interpreted as 4-
dimensional analogs of quaternionic Ka¨hler manifolds. Of course, positive self-dual Einstein
4-manifolds are allowed base factors in the bundle construction in [Wan92]. If these are present,
the above computation does not yield any information. But if there are k genuine quaternionic
Ka¨hler factors in the base, the above analysis does show that the coindex of the Einstein metric
on the bundle is at least k− 1. We suspect that the coindex lower bound remains valid even if
some of the base factors are positive self-dual Einstein 4-manifolds. (By a celebrated theorem
of Hitchin, these can only be S4 and CP2 with their canonical metrics.)
Remark 3.4. Note that our proofs of linear instability above use only the Einstein equa-
tions and the Riemannian submersion structure. Unlike the analysis in [Boh05] we do not
use the variational theory of compact homogeneous Einstein manifolds developed in [BWZ04]
and [Boh04]. Our simpler approach here produces the unstable directions directly, and, more
importantly, provides information about the coindex rather than the sum of the nullity and
coindex of the normalized Hilbert functional.
Combining our instability results with Theorem 1.3 in [Kro15], one obtains dynamic insta-
bility of the Einstein metric g, i.e., the existence of a non-trivial normalised ancient solution
of the Ricci flow whose backwards limit converges modulo diffeomorphisms to g. In [LW17]
and [LW16] κ-non-collapsed ancient solutions of the Ricci flow with rescaled backwards limit
converging to g were also constructed. The difference is that in those works the convergence is
obtained without requiring pull-backs by diffeomorphisms. This is possible because the Ricci
flow equations restricted to the class of bundle-type metrics become an ordinary differential sys-
tem for which some of the stationary points correspond to the Einstein metrics. On the other
hand, the analysis in [LW17] and [LW16] relies strongly on knowing the approximate location
of the stationary points. This is because one needs to know the eigenvalues and eigenvectors
of the linearization of the flow system at the Einstein metrics. For the torus bundle case and
the general case with quaternionic Ka¨hler base factors, the Einstein metrics are not known
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explicitly enough for constructing non-collapsed ancient solutions with the Einstein metrics as
backwards limit. Because we only use the Einstein equations here and not the actual solutions,
we do get ancient solutions for these cases here, but the backwards convergence to the Einstein
metric holds in a much weaker sense.
4. Instability of Einstein metrics on circle bundles
In this section we examine more closely the stability of an Einstein principal circle bundle.
Let π : (Mn+1, g) → (Bn, gˇ) be a principal circle bundle with connection θ, where g(X, Y ) =
(π∗gˇ)(X, Y ) + θ(X)θ(Y ) for any pair of vector fields X, Y on M . Then π is a Riemannian
submersion with totally geodesic fiber, i.e., O’Neill’s T -tensor vanishes. Let Ω = dθ be the
curvature form of the connection θ. Then there exists a closed 2-form ω on B such that
Ω = π∗ω. O’Neill’s tensor A is related to Ω by
(4.1) θ(AXY ) = −
1
2
Ω(X, Y ).
Then g is Einstein with Einstein constant E iff
(4.2) ω is harmonic,
(4.3) ‖ω‖2 = 4E,
(4.4) Ricgˇ(Xˇ, Yˇ )−
1
2
n∑
i=1
ω(Xˇ, Xˇi)ω(Yˇ , Xˇi) = E gˇ(Xˇ, Yˇ ), for vector fields Xˇ, Yˇ on B,
where {Xˇ1, · · · , Xˇn} is a local orthonormal basis of B.
4.1. Relationship between the stability operators on the total space and on the base
space. Throughout this subsection, let {X1, · · · , Xn, U} be a local orthonormal basis on M
around some fixed but arbitrary point in M , where X1, · · · , Xn are basic vector fields whose
projections {Xˇ1 = π∗X1, · · · , Xˇn = π∗Xn} form a local orthonormal basis on B, and U is the
vertical vector field induced by the circle action on the total space M with θ(U) = 1.
Lemma 4.1. Let X and Y be basic vector fields. We have
[U,X ] = LUX = 0,
∇XY = ∇ˇXˇ Yˇ −
1
2
ω(Xˇ, Yˇ )U,
∇UX = ∇XU =
1
2
ω(Xˇ, Xˇi)Xi,
∇UU = 0.
In the second equality, actually ∇ˇXˇ Yˇ is a vector field on the base B. But here we use it to
denote its horizontal lift to P .
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Proof. The first equation follows from facts that X is horizontal, U is generated by the S1-
action, and the horizontal distribution is S1-invariant. The rest of the equations follow from
O’Neill’s fundamental equations for Riemannian submersions, the vanishing of the tensor T ,
and the relation AXY = −
1
2
ω(Xˇ, Yˇ )U . 
Let hˇ ∈ C∞(S2(Bn)) be a symmetric 2-tensor on Bn, then h = π∗hˇ is a symmetric 2-tensor
on Mn+1.
Lemma 4.2. For any 1 ≤ i, j ≤ n
(4.5) (∇∗∇h)ij = (∇ˇ∗∇ˇhˇ)ij ◦ π +
n∑
k,l=1
(
1
2
ωkiωklhˇlj +
1
2
ωkjωklhˇli −
1
2
ωikωjlhˇkl
)
◦ π.
Proof.
(4.6) (∇∗∇h)ij = −
n∑
k=1
(∇k∇kh)(Xi, Xj) +
n∑
k=1
(∇∇kXkh)(Xi, Xj)− (∇U∇Uh)(Xi, Xj),
where and throughout this proof, ∇k means ∇Xk , ∇ˇk means ∇ˇXˇk . Now we compute each of
these three terms.
(4.7)
(∇k∇kh)(Xi, Xj) = XkXk(h(Xi, Xj))−Xk(h(∇kXi, Xj))−Xk(h(Xi,∇kXj))
−Xk(h(∇kXi, Xj)) + h(∇k∇kXi, Xj) + h(∇kXi,∇kXj)
−Xk(h(Xi,∇kXj)) + h(∇kXi,∇kXj) + h(Xi,∇k∇kXj)
= [XˇkXˇk(hˇ(Xˇi, Xˇj))− Xˇk(hˇ(∇ˇkXˇi, Xˇj))− Xˇk(hˇ(Xˇi, ∇ˇkXˇj))
− Xˇk(hˇ(∇ˇkXˇi, Xˇj)) + hˇ(∇ˇk∇ˇkXˇi, Xˇj)
−
n∑
l=1
1
4
ωkiωklhˇlj + hˇ(∇ˇkXˇi, ∇ˇkXˇj)
− Xˇk(hˇ(Xˇi, ∇ˇkXˇj)) + hˇ(∇ˇkXˇi, ∇ˇkXˇj)
+ hˇ(Xˇi, ∇ˇk∇ˇkXˇj)−
n∑
l=1
1
4
ωkjωklhˇil] ◦ π
= [(∇ˇk∇ˇkhˇ)ij −
n∑
l=1
1
4
ωkiωklhˇlj −
n∑
l=1
1
4
ωkjωklhˇil] ◦ π.
In the second equality, we have used the relation π∗(∇k∇kXi) = ∇ˇk∇ˇkXˇi −
∑n
l=1
1
4
ωkiωklXˇl.
Then, because ∇kXk = ∇ˇkXˇk −
1
2
ωkkU = ∇ˇkXˇk, we have
(4.8) (∇∇kXkh)(Xi, Xj) = (∇ˇ∇ˇkXk hˇ)ij ◦ π.
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For the third term, we have
(4.9)
(∇U∇Uh)ij = UU(hij)− 2U(h(∇UXi, Xj))− 2U(h(Xi,∇UXj))
+ h(∇U∇UXi, Xj) + 2h(∇UXi,∇UXj) + h(Xi,∇U∇UXj)
=
n∑
l=1
[
1
4
ωikωklhˇlj +
1
2
ωikωjlhˇkl +
1
4
ωjkωklhˇil
]
◦ π.
Here, we used the facts that hij, h(∇UXi, Xj), and h(Xi,∇UXj) are constant along fibers, since
h is the pull-back of a 2-tensor on the base. We also used π∗(∇U∇UXi) =
∑n
l=1
1
4
ωikωklXˇl.
Substituting (4.7), (4.8), and (4.9) into (4.6), we complete the proof of the lemma. 
By using the fundamental equations for the Riemannian curvature tensor in Riemannian
submersions (see Theorem 2 in [ONe66] or equation (9.28f) in [Bes87]) and the fact AXY =
−1
2
ω(Xˇ, Yˇ )U for basic vector fields X and Y , we have the following relation between the
Riemannian curvature tensor on the total space and that on the base.
Lemma 4.3.
(4.10) Rijkl = Rˇijkl ◦ π +
(
−
1
2
ωijωkl +
1
4
ωjkωil −
1
4
ωikωjl
)
◦ π,
and therefore,
(4.11) (R˚h)ij = (
˚ˇRhˇ)ij ◦ π +
(
−
1
2
n∑
k,l=1
ωikωjlhˇkl +
1
4
n∑
k,l=1
ωkjωilhˇkl
)
◦ π,
where i, j, k, and l run through 1 to n.
Proposition 4.4.
(4.12) 〈∇∗∇h− 2R˚h, h〉 = 〈∇ˇ∗∇ˇhˇ− 2˚ˇRhˇ, hˇ〉 ◦ π +
n∑
i,j,k,l=1
(ωkiωklhˇlj hˇij + ωikωjlhˇklhˇij) ◦ π,
Proof. By using Lemma 4.2 and Lemma 4.3, we have
〈∇∗∇h− 2R˚h, h〉 =
n∑
i,j=1
(∇∗∇h− 2R˚h)ijhij
=
(
n∑
i,j=1
(∇ˇ∗∇ˇhˇ− 2˚ˇRhˇ)ij hˇij
)
◦ π +
n∑
i,j,k,l=1
[
1
2
ωkiωklhˇljhˇij +
1
2
ωkjωklhˇlihˇij
−
1
2
ωikωjlhˇklhˇij + ωikωjlhˇklhˇij −
1
2
ωkjωilhˇklhˇij] ◦ π
= 〈∇ˇ∗∇ˇhˇ− 2˚ˇRhˇ, hˇ〉 ◦ π +
n∑
i,j,k,l=1
(ωkiωklhˇlj hˇij + ωikωjlhˇklhˇij) ◦ π.
In the last step above, we have exploited the anti-symmetry (resp. symmetry) of the indices
i, j in ωij (resp. hˇij). 
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4.2. A Weitzenbo¨ck formula and proof of Theorem 1.5. In the situation of an Einstein
principal circle bundle that we are considering, if the base metric is not Einstein, a natural
symmetric 2-tensor that presents itself is
(4.13) hˇ(Xˇ, Yˇ ) :=
n∑
i=1
ω(Xˇ, Xˇi)ω(Yˇ , Xˇi) = 2Ricgˇ(Xˇ, Yˇ )− 2Egˇ(Xˇ, Yˇ ).
Then hˇ − ‖ω‖
2
n
gˇ is a nonzero TT-tensor on B, since sˇ = nE − 1
2
‖ω‖2 is constant, and so
δgˇhˇ = δgˇ(2Ricgˇ) = −dsˇ = 0. Its pull-back π
∗hˇ− ‖ω‖
2
n
π∗gˇ is a TT-tensor on M .
To prove Theorem 1.5, we will view the symmetric 2-tensor hˇ as a 1-form on B with values in
the cotangent bundle T ∗B, i.e., hˇ ∈ C∞(B,∧1T ∗B ⊗ T ∗B). Using the Levi-Civita connection
of gˇ on T ∗B, we obtain an exterior differential d∇ˇ for T ∗B-valued differential forms. Let δ∇ˇ
denote its formal adjoint operator. In particular, one has
d∇ˇ : C∞(B,∧1T ∗B ⊗ T ∗B)→ C∞(B,∧2T ∗B ⊗ T ∗B),
and
δ∇ˇ : C∞(B,∧2T ∗B ⊗ T ∗B)→ C∞(B,∧1T ∗B ⊗ T ∗B).
Let {Xˇ1, · · · , Xˇn} be a local orthonormal basis around a point b ∈ B such that (∇ˇXˇiXˇj)(b) = 0
for all 1 ≤ i, j ≤ n. Then at the point b, we have
(4.14)
(d∇ˇhˇ)(Xˇi, Xˇj)(Xˇk) = [(∇ˇXˇi hˇ)(Xˇj)− (∇ˇXˇj hˇ)(Xˇi)](Xˇk)
= [∇ˇXˇi(hˇ(Xˇj))− ∇ˇXˇj (hˇ(Xˇi))](Xˇk)
= ∇ˇXˇi(hˇ(Xˇj, Xˇk))− ∇ˇXˇj (hˇ(Xˇi, Xˇk))
= (∇ˇXˇi hˇ)(Xˇj, Xˇk)− (∇ˇXˇj hˇ)(Xˇi, Xˇk),
and
(4.15)
(δ∇ˇhˇ)(Xˇj) = −
n∑
i=1
(∇ˇXˇi hˇ)(Xˇi)(Xˇj)
= −
n∑
i=1
∇ˇXˇi(hˇ(Xˇi))(Xˇj)
= −
n∑
i=1
∇ˇXˇi(hˇ(Xˇi)(Xˇj))
= −
n∑
i=1
∇ˇXˇi(hˇ(Xˇi, Xˇj))
= (δgˇhˇ)(Xˇj).
The above equalities relate the differential and codifferential on hˇ regarded as a T ∗B-valued
form with corresponding operators acting on the symmetric 2-tensor hˇ. In particular, the
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condition d∇ˇhˇ = 0 is equivalent to hˇ being a Codazzi tensor, and hˇ is also divergence free as a
T ∗B-valued form. It is therefore natural to apply the Weitzenbo¨ck formula
(4.16) (δ∇ˇd∇ˇ + d∇ˇδ∇ˇ) hˇ = ∇ˇ∗∇ˇhˇ− R˚gˇhˇ+ Ricgˇ ◦ hˇ,
where (˚ˇRhˇ)ij :=
n∑
k,l=1
Rˇikjlhˇkl and (Rˇic ◦ hˇ)ij :=
n∑
k=1
Rˇicikhˇkj.
Proof of Theorem 1.5: By the Einstein conditions, one immediately obtains
(4.17) Rˇic =
1
2
hˇ+
‖ω‖2
4
gˇ
and
(4.18) sˇ =
1
2
‖ω‖2 +
n
4
‖ω‖2.
It then follows from Proposition 4.4, the Weitzenbo¨ck formula (4.16), the assumption δ∇ˇhˇ =
δgˇhˇ = 0, and the fact trgˇhˇ = ‖ω‖
2 that we have
〈(∇∗∇− 2R˚)(π∗(hˇ−
‖ω‖2
n
gˇ)), π∗(hˇ−
‖ω‖2
n
gˇ)〉
= {〈(∇ˇ∗∇ˇ − 2˚ˇR)(hˇ−
‖ω‖2
n
gˇ), (hˇ−
‖ω‖2
n
gˇ)〉+ ωki ωkl(hˇ−
‖ω‖2
n
gˇ)lj(hˇ−
‖ω‖2
n
gˇ)ij
+ωik ωjl(hˇ−
‖ω‖2
n
gˇ)kl(hˇ−
‖ω‖2
n
gˇ)ij } ◦ π
= {〈∇ˇ∗∇ˇhˇ, hˇ〉 − 2〈˚ˇRhˇ, hˇ〉+ 4
‖ω‖2
n
〈Rˇic, hˇ〉 − 2
‖ω‖4
n2
sˇ+ 2 trgˇ(hˇ ◦ hˇ ◦ hˇ)
−
4‖ω‖2‖hˇ‖2
n
+
2‖ω‖6
n2
} ◦ π
= {2〈δ∇ˇd∇ˇhˇ, hˇ〉 − 〈∇ˇ∗∇ˇhˇ, hˇ〉 − 2〈Rˇic ◦ hˇ, hˇ〉+ 4
‖ω‖2
n
〈
1
2
hˇ+
‖ω‖2
4
gˇ, hˇ〉
−
2‖ω‖4
n2
(
1
2
‖ω‖2 +
n
4
‖ω‖2) + 2trgˇ(hˇ ◦ hˇ ◦ hˇ)−
4‖ω‖2‖hˇ‖2
n
+
2‖ω‖6
n2
} ◦ π
= {2〈δ∇ˇd∇ˇhˇ, hˇ〉 − 〈∇ˇ∗∇ˇhˇ, hˇ〉 − trgˇ(hˇ ◦ hˇ ◦ hˇ)−
‖ω‖2‖hˇ‖2
2
+
2‖ω‖2‖hˇ‖2
n
+
‖ω‖6
n
−
‖ω‖6
n2
−
‖ω‖6
2n
+ 2trgˇ(hˇ ◦ hˇ ◦ hˇ)−
4‖ω‖2‖hˇ‖2
n
+
2‖ω‖6
n2
} ◦ π
= {2〈δ∇ˇd∇ˇhˇ, hˇ〉 − 〈∇ˇ∗∇ˇhˇ, hˇ〉+ trgˇ(hˇ ◦ hˇ ◦ hˇ)−
‖ω‖2‖hˇ‖2
2
−
2‖ω‖2‖hˇ‖2
n
+
‖ω‖6
2n
+
‖ω‖6
n2
} ◦ π.
Note that we used equation (4.17) to get the fourth equality in the above calculation. ✷
20 CHANGLIANG WANG AND Y. K. WANG
4.3. Proof of Corollary 1.6. Now we assume in addition that gˇ has harmonic curvature but
is not Einstein. Then d∇ˇhˇ = 2d∇ˇRˇic = 0 and so by Theorem 1.5, we have∫
M
〈((∇)∗∇− 2R˚g)π∗
(
hˇ−
‖ω‖2
n
gˇ
)
, π∗
(
hˇ−
‖ω‖2
n
gˇ
)
〉 dvolg
=
∫
M
{−〈∇ˇ∗∇ˇhˇ, hˇ〉+ trgˇ(hˇ ◦ hˇ ◦ hˇ)−
‖ω‖2‖hˇ‖2
2
−
2‖ω‖2‖hˇ‖2
n
+
‖ω‖6
2n
+
‖ω‖6
n2
} ◦ π dvolg
= 2π
∫
B
{−〈∇hˇ,∇hˇ〉+ trgˇ(hˇ ◦ hˇ ◦ hˇ)−
‖ω‖2‖hˇ‖2
2
−
2‖ω‖2‖hˇ‖2
n
+
‖ω‖6
2n
+
‖ω‖6
n2
} dvolgˇ
≤ 2π
∫
B
{trgˇ(hˇ ◦ hˇ ◦ hˇ)−
‖ω‖2‖hˇ‖2
2
−
2‖ω‖2‖hˇ‖2
n
+
‖ω‖6
2n
+
‖ω‖6
n2
} dvolgˇ.
Thus, in order to prove Corollary 1.6, it suffices to show that
(4.19) trgˇ(hˇ ◦ hˇ ◦ hˇ)−
‖ω‖2‖hˇ‖2
2
−
2‖ω‖2‖hˇ‖2
n
+
‖ω‖6
2n
+
‖ω‖6
n2
≤ 0,
on B and the inequality is strict on an open subset of B.
Now let us work at a point b ∈ B. We can choose an orthonormal basis of TbB such
that at b, ω has its block diagonal standard form as a skew-symmetric bilinear form on TbB.
Then this basis diagonalizes the symmetric bilinear form hˇ on TbB, i.e., if n = 2m, then
hˇ = diag{a21, a
2
1, · · · , a
2
m, a
2
m}, and if n = 2m+ 1, then hˇ = diag{a
2
1, a
2
1, · · · , a
2
m, a
2
m, 0}.
Let bi = a
2
i for 1 ≤ i ≤ m. Then ‖ω‖
2 = 2
m∑
i=1
bi = 4E, and ‖hˇ‖
2 = 2
m∑
i=1
b2i . Set ti =
bi
2E
for
1 ≤ i ≤ m. Then
m∑
i=1
ti = 1, and at b
trgˇ(hˇ ◦ hˇ ◦ hˇ)−
‖ω‖2‖hˇ‖2
2
−
2‖ω‖2‖hˇ‖2
n
+
‖ω‖6
2n
+
‖ω‖6
n2
= 2
(
m∑
i=1
b3i − (
m∑
i=1
bi)(
m∑
j=1
b2j )
)
+
(
4
n
+
8
n2
)( m∑
i=1
bi
)3
−
8
n
(
m∑
i=1
bi)(
m∑
j=1
b2j )
= 2(2E)3f(t1, · · · , tm),
where f(t1, · · · , tm) :=
m∑
i=1
t3i −
(
1 + 4
n
) m∑
i=1
t2i +
2
n
+ 4
n2
.
Case 1: n = 2m.
f(t1, · · · , tm) =
m∑
i=1
(
ti −
1
m
+
1
m
)3
−
(
1 +
2
m
) m∑
i=1
(
ti −
1
m
+
1
m
)2
+
1
m
+
1
m2
=
m∑
i=1
(
ti −
1
m
)2
(ti − 1) ≤ 0,
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since 0 ≤ ti ≤ 1 and
m∑
i=1
ti = 1.
Equality holds iff
(
ti −
1
m
)2
(t1 − 1) = 0 for all 1 ≤ i ≤ m. If ti = 1 for some i, all other
tj = 0 and we get a contradiction unless m = 1. So if m > 1, equality holds iff ti =
1
m
for all
i. On the other hand, if m = 1 then the base manifold, which has constant scalar curvature, is
2-dimensional and so must be Einstein. So m > 1 holds, and
trgˇ(hˇ ◦ hˇ ◦ hˇ)−
‖ω‖2‖hˇ‖2
2
−
2‖ω‖2‖hˇ‖2
n
+
‖ω‖6
2n
+
‖ω‖6
n2
≤ 0.
Furthermore, for at least one point b ∈ B, the inequality must be strict, for otherwise, (B, gˇ)
would be Einstein, which contradicts our assumption. But then strict inequality must also hold
in a neighborhood of b and we are done.
Case 2: n=2m+1. We expand f about t = 2
2m+1
instead and obtain
f(t1, · · · , tm) =
m∑
i=1
(
ti −
2
2m+ 1
)2
(ti − 1)−
2 + 4m
(2m+ 1)3
<
m∑
i=1
(
ti −
2
2m+ 1
)2
(ti − 1) ≤ 0,
since ti ≤ 1. Thus
trgˇ(hˇ ◦ hˇ ◦ hˇ)−
‖ω‖2‖hˇ‖2
2
−
2‖ω‖2‖hˇ‖2
n
+
‖ω‖6
2n
+
‖ω‖6
n2
< 0,
on B. This completes the proof of Corollary 1.6. ✷
4.4. Proof of Corollary 1.7. By Corollary 1.6, gˇ has to be Einstein. Then Theorem 9.76 in
[Bes87] shows that (B, gˇ) has a compatible almost complex structure J ′ :=
√
n
‖ω‖J , where the
automorphism J : TB → TB is defined by ω(Xˇ, Yˇ ) = gˇ(JXˇ, Yˇ ) for any pair of vector fields
Xˇ, Yˇ ∈ C∞(B, TB). Let ω′ be the corresponding Ka¨hler form. Then by definition ω = ‖ω‖√
n
ω′.
By the resolution of the Goldberg conjecture [Sek87], the almost complex structure J ′ is actually
integrable, i.e., (B, gˇ, J ′) is Ka¨hler Einstein.
If the base manifold B has b2 > 1, then there exists a real harmonic 2-form η of type (1, 1)
orthogonal to ω′ with respect to gˇ. By composing with the complex structure J ′ we obtain
a symmetric 2-tensor hˇ as hˇ(Xˇ, Yˇ ) = η(J ′Xˇ, Yˇ ). Because J ′ is parallel, hˇ is a TT-tensor on
(B, gˇ). By further straightforward calculations, h = π∗hˇ is a TT-tensor on (M, g).
Moreover, again because J ′ is parallel, by
0 = (∆d η)ij = (∇ˇ
∗∇ˇη)ij − 2Rˇikjlηkl + Rˇicikηkj + Rˇicjkηki,
we have
∇ˇ∗∇ˇhˇ− 2˚ˇRhˇ + 2Rˇic ◦ hˇ = 0.
On the other hand, by the Einstein conditions, Rˇic = n+2
4n
‖ω‖2gˇ. Thus,
(4.20) ∇ˇ∗∇ˇhˇ− 2˚ˇRhˇ = −
n + 2
2n
‖ω‖2hˇ.
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Finally, by Proposition 4.4, the equation (4.20), and the fact ω = ‖ω‖√
n
ω′, we have
〈∇∗∇h− 2R˚h, h〉 = 〈∇ˇ∗∇ˇhˇ− 2˚ˇRhˇ, hˇ〉 ◦ π +
‖ω‖2
n
(ω′kiω
′
klhˇlj hˇij + ω
′
ikω
′
jlhˇklhˇij) ◦ π
= 〈−
n + 2
2n
‖ω‖2hˇ, hˇ〉 ◦ π +
‖ω‖2
n
(‖hˇ‖2 + 〈hˇ(J ′·, J ′·), hˇ〉) ◦ π
≤ −
n + 2
2n
‖ω‖2‖hˇ‖2 ◦ π +
2
n
‖ω‖2‖hˇ‖2 ◦ π
= −
(
1
2
−
1
n
)
‖ω‖2‖hˇ‖2 ◦ π,
which is negative if n ≥ 4, and this contradicts the assumption of stability. Note that in the
second last step above, we have used 〈hˇ(J ′·, J ′·), hˇ〉 ≤ ‖hˇ‖2.
When n = 2, the base manifold B = S2 so certainly b2 = 1. (The total space (M, g) is then a
3-dimensional Einstein manifold and so has constant sectional curvature. Therefore, g is stable.)
This completes the proof of Corollary 1.7. ✷
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